The theory of the orientational epitaxy phase is developed for an anharmonic solid monolayer within the framework of a self-consistent phonon approximation., This theory shows how the adatom-adatom coupling constants and adatom-substrate coupling constants in the theory of Novaco and McTague are modified by renormalization due to the zero-point motion and the thermal vibration of the ada toms. Some general conclusions about the nature of orientational epitaxy are presented and numerical results are given for argon adsorbed on basal plane graphite, These results show that while many calculated properties of the argon solid have important corrections due to the anharmonic nature of the system, the orientation angle versus lattice constant curve is not affected to any significant degree.
I. INTRODUCTION
The structure of a solid monolayer (or single layer "crystal") in the field of a solid substrate surface is an important problem which has received much attention over many years.l-4 The interest in this problem 'is due, in part, to the general interest in the study of gases adsorbed on solid surfaces. s , 6 The study of the monolayer problem is also relevant to the study of the interface between two crystalline solids I and to the study of how dimensionality affects phase transitions. s Generally, the monolayer and the substrate lattices are incommensurate, that is, they have no common unit cell. The response of each lattice to the perturbing field of the other generates a structure within each lattice which is incommensurate with both parent lattices. The physics of these coupled lattices has, naturally, much in common with other incommensurate structures such as charge-density waves in metals and spin-density waves in magnetic materials. 7 ,B Recent theoretical and experimental work on the adsorption of rare-gas mono layers on graphite has demonstrated the existence of a new phase which exhibits a rather striking phenomenon called orientational epitaxy.9-11 This effect is the rotational locking of the monolayer to the substrate surface even when these lattices are incommensurate. It is generated by the existence of static mass-density waves (MOWs) in the monolayer, these MOWs being "frozen" displacement waves caused by the external periodic field of the substrate. Assuming this field is incommensurate with the monolayer lattice, the angle at which the two lattices are locked is generally a nonsymmetry angle because it depends upon the lattice dynamics of the monolayer as well as the degree of 19 misfit between the two lattices. The recently published theory of orientational epitaxy used both the linear response and harmonic approximations to investigate the physics ofthis new phase. 9 It is shown here how these limitations can be removed while still retaining the picture of noninteracting phonons. After discussing the general approach, the equations which describe the "large" oscillation and "small" distortion limit are derived as a special case. The relation of the large distortion limit to the generation of higher harmonic distortions and mixed phonon states is discussed briefly. The general approach is to search for the "best" phonon representation for a monolayer interacting with a fixed substrate. Even in the large distortion limit, this procedure would be a logical first step in the construction of a general theory. The present theory is then a self-consistent phonon l2 calculation (SCP) now with both the adatom-adatom coupling constants and the adatomsubstrate coupling constants renormalized by the oscillations of the atoms about their equilibrium positions. Within the small distortion limit, the results quoted here are formally the same as the earlier work of Novaco and McTague 9 except here all coupling constants are renormalized.
A commonly used model for the monolayer is the two-dimensional approximation where the atoms are restricted to a plane arid the substrate is replaced by an external field which acts in this space. This model has most of the important physics of the actual problem 9 and so we use it here. The general theory is developed at finite temperatures and without any restriction in the dimensionality of the system. How the two-dimensional nature of the monolayer model and finite temperature aspects of the calculation are to be reconciled with Mermin's theorem 13 on the ab-6493 @ 1979 The American Physical Society sence of crystalline long-range order iIi two dimensions will be discussed after the results are presented.
The numerical results for argon adsorbed on graphite show important anharmonic corrections to the lattice dynamics of the argon solid due to the zero-point motion of the atoms. There are corresponding changes in both the intramonolayer and monolayersubstrate energy terms. The SCP values for the am-. plitudes of the strains are about 30% smaller than the quasiharmonic (QH) values, but the orientation angle at fixed lattice constant differs by less than 5% from its QH value. This small change in the orientation angle is due to the small shift in the ratio of transverse to longitudinal sound velocities produced by the SCP corrections. The orientation angle has been measured for argon on graphite, and the calculated values agree very well with the experimental ones. 11
II. SELF-CONSISTENT PHONON THEORY
The Hamiltonian of the monolayer in the presence of a static, periodic substrate potential field is taken to be (1) where K is the kinetic energy, ci> is the two-body adatom-adatompotential energy, and (j is the onebody adatom-substrate potential energy. If Rl represents the a component of the ideal (undistort, ed) lattice site of the j th adatom, ut represents the a component of the displacement of this particle from its ideal site, and fit represents the a component of its momentum; then using the Einstein convention for summations over components
where M is the mass of the ada tom, Vq is the Fourier transform of the two-body potential, and U G is the Fourier ,coefficient of the one-body potential associated with the (substrate lattice) reciproca.11attice vector O. The quantity 'YIJ is equal to one f~r i ¢ j and equal to zero for i =j. The symbol IlI'represents the sum over aU values of q in the two-dimensional space. This is to be distinguished from IlI' (no tilde) which will represent the sum over all q in the first The polarization vectors Er(q) and the frequencies CtJI(q) are to be considered variational parameters which are determined by minimizing an approximate form of the Helmholtz free energy F subject to the E,a(q) The u i and' vi are just the Fourier amplitudes associated with (uJ ) and (i/') respectively, as can easily be seen by comparing Eqs. (5) to Eqs. (4) and Eqs.
(3). It is convenient to carry out the variation of the free energy with respect to the u i and vi instead of
The variational calculation is carried out in a straightforward although somewhat tedious fashion.
We begin by defining order parameters ui and vi for the new phase. These order parameters are given by the ~~ I and ~; I' . The (K) is found to be given by
The (4)) is calculated by taking the cumulant expansion for (exp[iqa(u/" -ut) )) to second order. The result is
where f J8 is given by
The calculation of ('0) is carried out in the same fashion resulting in the equations
where
Minimization of Fwith respect to n,(q) gives
where 13= (kBT)-1 and wl(q) is defined by h&,(q)=~ .
Bn,(q)
Carrying out the indicated variations we find
We have defined the dynamical matrix DafJ(q) =DrfJ +DrfJ (q) and
(to)
(14) and the minimization of Fwith respect to a set of orthonormal e/'(q) gives (17) and (9) These last two equations are quite complex and some approximation scheme is necessary in obtaining a solution. In Sec. III we examine these equations in the case that the u.; are small, that is we examine the small distortion limit of the exact equations. This limit is valid for argon on graphite over a reasonable range of lattice constants.
III. LINEAR RESPONSE APPROXIMATION
The general equations for the strain amplitudes are significantly simplified when the strains are small. This condition is satisfied by rare-gas monolayers adsorbed on graphite except for those cases where the lattice constant is very close to the commensurate value ·of 4.26 A. We assume that (u/) « a, where a is the lattice constant of the undistorted solid and expand the exp(iG (ul» term in a power series. Starting withEq; (18), we ignore all terms which are higher order than linear in the (ut). The term which is independent of (ut) can be shown to be zero so only the linear term is needed. If we first define Do"l1 (q) to be the dynamical matrix in the absence of the strains with 
Setting the sum of 8 (cf»/8u,; and 8 (U)/8u,; equal to zero we find after some manipulation
Equations (24) and (25) have been written in the periodic Brillouin-zone scheme. The quantities ii iT and 0 a are the "moduli" of the complex quantities u iT and U a with
and U a= 0 aexp(-iG·"S) .
Both ii iT and 0 a are real with ii iT being antisymmetric in G and V iT being symmetric. The "phase" "S is the displacement between a center of symmetry of the substrate and the origin (which is a center of symmetry of the undistorted lattice).9 Equations (24) and (25) The evaluation of the (if) is relatively straightforward in the sma\1 distortion limit. Expanding the exp(iq{ (uJ}) term in Eq. (7) as a power series in the u.; and retaining the first three terms gives the energy to second order in the U a' Since the linear term is zero due to symmetry we find
Fo\1owing the same procedure for the (O), but retaining only the first two terms in the expansion of the exponential we find to second order in U a that
The energy term of the right-hand side of Eq. (26) which is independent of U a is just -the usual potential-energy term associated with the motion of the atom. The second term is positive energy contribution associated with the strains in the monolayer generated by the MOWs. The first term on the right in Eq. (27) is an energy gain associated with the undistorted solid and it is nonzero only for commensurate structures. The second term is the energy gain associated with the MOWs. Both terms associated with the MOWs can be combined to give
G For the incommensurate structure this is the only energy term associated with the substrate field. This term is independent of "S showing that (in this approximation) the energy of the system is invariant to translations of the monolayer relative to the substrate. The physics of the orientational epitaxy phase is the same here as in the original calculation of Novaco and McTague. We outline here the reasons for the alignment of the monolayer crystal axes away from those of the substrate and refer the reader to Ref. 9 for more complete details. The misorientation of the monolayer and substrate is caused by the competition between the [w,(q)]-2 and the G"'e,"(q) terms in Eq. (25) . The MOW energy at fixed angle is, as can be seen from Eqs. (25) and (28), proportional to the product of the first term and the square of the second, this product then summed over the mode index t. Those orientations with large strains are associated with large energy shifts (although the two functions <;10 not peak at exactly the same angle).
The [w/(q)]-2 term favors small q orientations thus tending to align the crystal axes. However, when the . crystal axes are exactly aligned, the second term is identically zero for the transverse branch. Since the transverse branch is softer [smaller w (q)] it will be advantageous for the system to rotate away from the symmetry direction ([the transverse branch is low enough. This is the case for the rare-gas on graphite systems except for those lattice constants very close to the registered state value. Only for krypton is this state important, the other systems tending to find equilibrium away from the registered state.
IV. LATTICE DYNAMICS AND ORIENTATIONAL EPIT AXY OF ARGON
The argon monolayer on a graphite substrate has been studied experimentally by both neutron scatteringl7 and low-energy electron diffraction (LEEO) techniques. ll The neutron experiments have produced a wealth of information on the "average" structure of the monolayer and its lattice dynamics. The LEEO study shows both the structure of the argon and its orientation relative to the graphite surface crystal axes. Both techniques had associated experimental difficulties which make the observation of struc-ture factor satellite peaks difficult to observe. These satellites might be observable in an x-ray experiment. ls The quasiharmonic (QH) predictions of Novaco and McTague agree quite well with experimental results, but the SCP corrections to the lattice dynamics of this system are not negligible. Thus we choose this important and well characterized system as the one to study first within the SCP approximation.
The initial step in the SCP calculation is the generation, at various lattice constants, of solutions to the SCP equations in zero external field. This requires the iteration of Eqs. (8) and (20) ara arP
The matrix f -I is the inverse of f defined by Eq.
(8). The third-nearest-neighbor SCP spectrum for argon at a lattice constant of 3.86 A is shown in Fig.   1 . The phonon frequencies in the SCP approximation are about 15% higher than in the corresponding QH calculation. This can be readily seen upon examining Table II Both the QH and SCP third-nearest-neighbor calculations predict 3.86 A to be the zero-pressure lattice parameter at zero temperature. This is in excellent agreement with the neutron studies. 17 It would seem then that any effects on the argon-argon interaction due to the presence of the graphite s~bstrate are small enough that we may neglect them for the purposes of this calculation. We might add that uncertainties in the Lerinard-Jones parameters for the argon-argon interaction in vacuum also are small enough that we may neglect their effects. The values of U G were taken from Steele's paper 21 on the interaction of rare-gas atoms with graphite and are listed in Table I . Only the lowest six coefficients were used, these six are equal to each other because of the . six fold symmetry of the graphite surface basal plane. The orientation of the argon is independent of U G if only these lowest terms are used. 22 The orientation also appears to be relatively insensitive to the inclusion or exclusion of realistic estimates for higher U G terms.
Once the phonon frequencies and polarization vectors have been calculated at some chosen value of a, the energy associated with the MDWs can be calculated as a function of rqtation angle 9, the angle between the argon crystal axes. and that of the graphite. We use the same angle as that in Ref. 9. This energy is shown in Fig. 2 at a =3.86 A for both the QH and SCP calculations. Note that the SCP curve has much the same shape as the QH curve, but the magnitude of EM ow is reduced by about 40%. The reduction in E MOW reflects a corresponding decrease in u i and is due to both the increase in the phonon frequencies and the renormalization of the U G due to the SCP corrections.
'The energy of the system in the SCP approximation can now be calculated as a function of a. The (¢) is calculated by transforming the first term in Eq. (26) to real-space. The (0) is given by Eq. (27). constant is about 3.86 A in both cases. This value is determined mostly by Eo, E MDW having only a very small effect. The zero"point energy contribution to Eo is responsible for increase in A beyond its classical value of about 3.82 A. Figure 4 shows the rotation angle (J as a function of lattice parameter for both QH and SCP calculations. Note that the SCP correction to this curve is very small. The experimental points lie in the shaded region. The general agreement is very good except at the higher angles. Here, the shift of the data away from the theoretical curve appears to be a result of extrinsic experimental effects. II Nevertheless, there is a systematic difference between theory and experiment.
V. DISCUSSION
The SCP corrections to the phonon frequencies of the argon monolayer at 0 K are important and are large enough to be observable in an inelasticneutron-scattering experiment. The neutron study of adsorbed argon was sensitive to the large density of states near the zone-boundary modes. The QH calculation at 3.86 A gives zone-boundary modes which are definitely too low, while the SCP results at 3.86 A are in good agreement with the data. Note that the 15 to 20% increase in the mode frequencies alters the rotation angle by only 0.2°. This angle is largely determined by the ratio of transverse to longitudinal 22 sound velocities and this ratio is only slightly affected by the SCP corrections. Although finite temperature effects would alter the .mode frequencies, they are unlikely to alter the sound velocity by any significant factor untii the system is very close tothe melting transition. Thus it is reasonable to expect the zerotemperature SCP results to be a good estimate of the experimental results outside the melting region. The LEED data was taken at temperatures between 30 and 50 K while the melting of the argon layer begins at about 50 K.17 It is worthwhile, at this point, to discuss the relevance of the Mermin theorem to the above equations when applied to two-dimensional systems at finite temperatures. It is well known that many physically important quantities are well defined even in the presence of the long-wavelength divergences associated with this theoremY This is certainly true for the . f . ("~",,,'11 ",,,,.,11) divergence is, however, not a strong one (it goes as InN) and there are a number of considerations which will result in a finite value of (8U,"'8U!). The finite size of the real system will certainly provide a natural long-wavelength cutoff for the phonon modes resulting in a finite value of the average-square displacement. There is also the fact that the monolayer is adsorbed on a substrate with its own dynamics, and the very long-wavelength phonons of the monolayer are just the ones which are strongly coupled to the substrate phonon modes. 24 Furthermore the orientational epitaxy phase will have (exact) transverse "phonons" with a gap at zero q due to the removal of the rotational symmetry from the problem. If the substrate is now allowed to deform, it is reasonable to believe that the only mode with zero frequency will be that mode which corresponds to the rigid movement of both the substrate and the monolayer. The long-wavelength modes which correspond to the relative moment of each in the direction parallel to the surface should have a gap. It is this relative movement which defines the renormalized coupling constant to the surface. All of the above aspects of the problem must be considered in a full treatment of the finite temperature properties of the orientational epitaxy phase in real systems, especially near an incommensurate-commensurate phase transition. Finally, a few remarks are in order about the terms which are ignored in the small distortion limit. These missing terms show that the U G generate (u i) which then generate (u.!), etc. The q2 terms are , "2 higher harmonics, thus demonstrating that as the distortions increase in amplitude, they are no longer pure sine waves. Similar effects can be seen in a more general treatment of the dynamical matrix. In this case one finds that the MDWs couple phonon modes of different q vectors so that the true excitations of the system are linear combinations of phonon modes. This combination of mode mixing and generation of higher harmonics must be an important part of any phase transitions between commensurate and incommensurate states. One would expect these higher harmonics to place as many atoms on absorption sites as possible, this taking place at the expense of a few atoms which will be far from registry and separate the regions where the atoms do nearly register. Thus, as the commensurate phase is approached from the incommensurate phase, there appear domains in the monolayer system with boundaries
